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ABSTRACT 

We show that when a Chern-Simons term is added to the action of SU(N) (N > 3) 
Yang-Mills theory in 5 dimensions the usual self-dual topological solitons present 
in the theory necessarily pick up a (topological) electric charge . 
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In a recent paper 1 the present author suggested that an examination of the 
properties of a certain class of co- winding solitons ( "syncyclons" ) generically present 
in higher dimensional field theories (i.e defined on space-time extended beyond 4 
dimensions by a compact space) is called for. Such solitons would appear as point, 
string or sheet vacuum defects to our three dimensional low energy eyes and might 
thus signal the presence of otherwise unobservable extra dimensions. 

The simplest paradigmatic example of such solitons is furnished by Yang-Mills 
(YM) theory on M 4 x S 1 . The basic solution is nothing but the periodic instanton 
or caloron 3 reinterpreted as a soliton on M 4 x S 1 . Classically, such solitons have no 
(non-abelian) electric charge and, in the Kaluza-Klein (KK) limit r » R (where 
R is the radius of S 1 and r the 3-dimensional distance), their fields are those of a 
non-abelian magnetic dipole together with a scalar potential coming from the ex- 
tra compoment of the vector potential 1 ' 4 . However, in order to sketch a believable 
picture of their properties it is necessary to take into account the effects of cou- 
pling to fermions and the quantization of global gauge collective coordinates since 
these can radically change the quantum numbers labelling the soliton states due to 
fermion number fractionalization 5 and zero point (quantum) rotation in the internal 
non-abelian space. In particular using standard results on fermion number fraction- 
alization in odd dimensions 5 one finds that the soliton picks up an abelian charge 
— ^{y the Pontryagin index) from each fermion of abelian charge q (Baryon/Lepton 
number, Electric charge, etc). In addition the expectation value for the charges 
corresponding to the U(l)s in the decomposition SU(N) D SU(2) x ^(l)^ -2 is 
also proportional to u/A (with the soliton trivially embedded in the SU(2) factor). 
Thus if the gauge group is SU(3) then < Q 8 >= ^j? where Nf is the number 
of fermion flavours. The term in the gauge effective action which represents this 
effect is nothing but the 5 dimensional Chern Simons term times Nf. This term 
is the low-momentum approximation of the fermion determinant in the gauge field 
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background. In order to determine the gauge quantum numbers of the soliton one 
must quantize the collective coordinates of a static solution to the field equations of 
the YM-Chern Simons (YMCS) system in 5 dimensions. This problem bears a close 
analogy to that of determining the quantum numbers of the Skyrmeon 7 . The roles 
of flavor and color are interchanged and the Chern-Simons term is the analog of the 
WZW term which also arises by integrating out fermions coupled to the Skyrme 
field . The significant generalization is that the present system is gauge invariant 
while the Skyrme- WZW Lagrangian has only a global (flavour) invariance. Since 
the induced charge described above is coupled to a gauge field it follows that here 
the static solution one must quantize around is a charged soliton. In the Skyrme 
case the effect of the WZW term in the field equations is to produce a deformation 
of the original soliton without obviously changing its external interactions (as op- 
posed to its flavour and spin quantum numbers). On the contrary, in the present 
case, the as we shall show, the deformed solution carries a (topological) electric 
charge. Charged solitons arise in YMCS-Higgs systems in 2+1 dimensions as well 8 
where the presence of the CS term allows charged vortex solutions to exist. In 
2+1 dimensions the CS term makes the gauge particles massive so that the induced 
charge couples to a short range force carrier. The integral of the Higgs field charge 
density is proportional to the quantized flux (divided by 4) so that there too the 
electric charge is fractional and topological in nature. The existence of charged 
vortex solutions in 2+1 dimensions can be seen as the analog of the 'Witten effect" 
in 4 dimensions whereby the addition of a CP violating 9 term (i.e a Pontryagin 
density) to the YM-Higgs lagrangian results in charged monopole solutions 6 . One 
therefore expects that such a conversion of "magnetic" charge neutral solitons to 
charged ones occurs in all odd dimensions provided the theory without the CS term 
has a topological soliton solution. Note however 
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that in the present case the magnetic fields are asymptotically dipolar. 

As a preliminary to the quantization 9 of the collective coordinates of solitons 
in YM theory on M 4 x S 1 , and also because of their intrinsic interest we have 
studied static solutions of the YMCS system in M 5 . The generalization of our 
results to M 4 x S 1 and the situation in higher odd dimensions will be reported 
separately 10 . We will show that the above heuristic argument for the existence of 
charged topological solitons on 5 dimensions is borne out by a detailed analysis of 
the SU(N), YMCS action: 

3 3 

^5 = cmnlpq tr(d M A N (d L ApA Q + -A L A P A Q ) + -A M A N A L A P A Q ) 

Z o 

The field equations are: 

D M F MN = - ^2^2 eNMLp Q tr{\ A F M LFpQ) (2) 
Our normalizations and definitions are 

A M = A A ^ tr\ A \ B = 25 AB 

X A 

Fmn = F MN — = d[ M A N ] + [Am, A n ] 



2i 

A,B, ... = 1, AT 2 - 1 
M, AT, ... = 0, 1,2,3,4 
= 1,2,3,4 



(3) 



a, 6, ... = 1, 2, 3 

a,b, ... = 4, ...,N 2 -1 
Here {X A } are the Gell-Mann matrices for SU(N). Our metric convention is 
( — h + + +)• In the absence of the CS term (Nf = 0) we have the usual self dual 
solutions 11 in the SU(2) Euclidean sector: 
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A = d = 

T a — 

An = -i] a ^—djnll = lE^dJnll 

ir^i^o n = i + V - ( 4 ) 

^ [X - XiY 



1 

V 



32tt 2 

where o the scale factors and positions of the K solitons and v = K the 

total winding number. In the above {f] a ^ v },T a , IT are the anti-self-dual 't Hooft sym- 
bols, Pauli matrices and "super potential" respectively. Fields outside the SU(2) 
subalgebra generated by {A a } play no role. The asymptotics are those of a non- 
abelian magnetic dipole with zero electric charge (since F^q = 0). The field energy 
is 

e = y*4& + \&) = *%. (5) 

We now show that these solutions become charged when the effect of the C.S. 
term is included. For simplicity let us work with v = K = 1 and N = 3. General- 
izations are obvious and will be indicated below. The field equations are 



D M F^ = ^0 tr(X A F, F, u ) (6a) 



D»F* = -^0tr(X A F^) (66) 

It is easy to check that for A = 8 the ansatz of (4) gives zero for the l.h.s 
of eqn.(6b) while the rhs is proportional to the Pontryagin density and is hence 
nonzero. Thus (4) is no longer an adequate ansatz when Nf ^ 0. The required 
modification is obviously: 
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A^ = A = 4, 5, 6, 7, 8 

Al = -fja^dJnU n = U(x 2 ) (7) 

Aq = = d A^8 
Spherical symmetry ensures that the r.h.s of the equation for D^F^q vanishes 
as it must for consistency. The only nontrivial equations are then : 

d 2 A 8 = jf;„f; v = 



a = 



N f sl ( 8 ) 



32tt 2 v / 3 

e abc A a A b A c ' 

3 



Co, = ^{AldxA* + ^AIA\A-) 



Thus the Pontryagin density serves as the charge density in a Poisson equation 
for the electrostatic potential in the 8 direction. The solution for Aq is simply 

and also 

^ = f(^ + ^) (io) 

The arbitrarinesss represented by D is crucial to the existence of a charged so- 
lution. It is easy to check (assuming that the deformed superpotential has the same 
leading behaviours as x — ► and x — > oo as before) that the leading behaviour 
of uj, as x — > oo is 0(x~ 7 ) . Thus to obtain the electric field corresponding to 
the charge Q 8 = — £4^ we must choose D = 8. 

The other equation is now 

D,F^ = -^ + ^)F^ (11) 
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Due to spherical symmetry the above equation reduces to 
,d 2 rr, n' d 2 IL a 2 D~ 

* = ~<K + 3 J (12) 
^<l + -> 

11 11 x 

To preserve the Pontryagin index and finiteness of energy the boundary con- 

2 

ditions on IT are taken to be the same as before i.e. IT — > ^ as x — > and 

2 

IT — > 1 + ^2 as x — > oo 

At first sight the extreme non linearity of these equations seems intractable. 
One expects, however, that if one can solve it in the asymptotic regions x — > 
0, x — > oo to obtain a solution with the same winding number as for Nf = then 
a solution which interpolates between these regions may be obtained numerically. 
Evaluating the r.h.s of eqn(12) in the limit x — >■ one finds that the leading term 
is — 2a 2 (D — 8)/(x 3 p 2 ) while the l.h.s is less singular. Hence the choice D = 8 is 
confirmed. With D = 8 one finds that one can solve for the unknown coefficients 
in the deformed superpotential 

p 2 

n = 1 + ^ + d!X 2 +a 2 x 4 + ... (13) 

to get 

a 2 2a 2 ,, 9a 2 . t . 

" 1 = ~7 a2 = + 3^ <1+ 4^ (14) 

and so on. Note that inspite of the nonlinearity of the fermion back reaction 

represented by the Chern-Simons term, the deformations are entirely non singular. 

Similarly in the x — > oo region 

n - = 1 + ? + ^ + l + -' < 15 > 
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2 2 4 2 

6i = — 6 2 = — (16) 

A numerical integration of the equation in the intermediate region will be given 
elsewhere. The asymptotic behaviour of the electric field is 



The electric charge is 



4a „ 12ap „ _ q . 

-^-^4- =—0^ + 0(0; 

x' 



The electric field near the origin is 

12a 



The magnetic field is 
4 



X 



4p 



2 



(Va^u + 2x a 7] a(T ^X I/] ) + 0(X 6 ) X ► OO 



X 4 



The magnetic field is thus asymptotically dipolar. 

The CS term does not contribute to the expression for the field energy 



87TZ7 
£ = —tr + 



a 1 

p 8 (x) = -jf; v f; v G (x,y) = - An2{x _ y)2 



(17) 



E» = -—x ll + 0{ai i ) (19) 



(20) 



(21) 



Thus it is the sum of the original uncharged soliton energy plus a positive 
definite contribution from the electrostatic energy and another due to the deviation 
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from self duality. The winding number is unaffected by the weak deformations 
exhibited in equations (13)-(16). 



^ = — U f d 4 xF"F" = — / d A xdaOJu 
32tt 2 J 16tt 2 ' 

= —x 3 x^u^ |q°= 1 



(22) 



This can be checked by transforming to a nonsingular gauge using the usual 12 
transformation U = (x 4 + if ■ x)/\ x |. The above solutions are parametrized by an 
arbitrary scale parameter p. However the energy £ is not independent of p . Thus 
one expects that the present solution, if stable at all, will relax to that value of p 
which minimizes the energy. To estimate this value one may approximate IT by Ilo 
and Iloo in the regions x G [0, p],x G [p, oo] respectively to obtain 

~ g\ + 27(327T 2 ) V P 2 { } 

Where the last term is the obvious dimensional estimate for the electrostatic 

energy in 4 space dimensions and c is a numerical constant. In the approximation 

we have used , it appears that our solution is unstable against growth of the free 

parameter p which will tend to oo so as to saturate the the self-duality lower bound 

on the energy. Note however that the corrections to the neutral soliton energy are 

O(g^) and 0(g®) thus it quite possible that quantum corrections may stabilize p. 

Since the electric and magnetic fields are orthogonal in the internal space, the 
Poynting vector, and therefore also the usual (Belinfante-Bessel-Hagen) expression 
for the the angular momentum of the field configuration, is zero. 

It is easy to see that solutions with winding number K can be approximated by 
superpositions of n 's centered at different xi near those Xi and by 1 + ^ pf/x 2 + 
0(x~ A ) in the x — > oo region. To generalize from SU(3) to the SU(N) case one 
simply replaces A 8 = -^diag(l, 1, —2) by 
{ Afc2_1 = \J k(£=Tjdiag (lk-i, 1 - k, N - k );k = 3, N} etc 13 . 
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In conclusion we have demonstrated the existence of charged topological soli- 
tons in 5 dimensional YMCS theory. This extends results on charged vortices in 3 
demensional YMCS theory and supports the conjecture that similar "charging" by 
the CS term occurs as well in higher odd dimensions. The generalizations of our 
solution to M 4 x S 1 will be relevant to fleshing out at least the simplest example 
of the "syncyclonic scenario" 1 . The semiclassical quantization of of these objects is 
therefore studied in Ref.[9]. 

Acknowledgements: I am grateful to A.Khare, V.Soni, S.Wadia and R.Shankar 
for very useful discussions. I thank S.Kar for drawing my attention to M.Kobayashi's 
paper 2 . 

Note Added : We[13] have now shown that the different embeddings of SU(2) x 
U(1) N ~ 2 in SU(N) correspond to a ^CVplet of topological solitons. Moreover the 
"dibaryon embedding" i.e SO(3) x U(1) N ~ S in SU(N) gives neutral solutions for 
N = 3 and a -^C^-plet for N > 4 (after modding out the action of certain SU (3)s). 
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